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Abstract
Taking into account the PDFs, obtained by different Collaborations, the mo-
mentum transfer dependence of GPDs of the nucleons is obtained. The calcu-
lated electromagnetic and gravitomagnetic form factors of nucleons are used
for the description of different form factors and the nucleons elastic scattering
in a wide energy and momentum transfer region with a minimum number
of fitting parameters. The electromagnetic and gravitomagnetic radii of the
nucleon are calculated using the obtained momentum transfer dependence
of GPDs with different forms of PDFs obtained by different Collaborations.
The comparison of the calculations, taking into account the PDFs obtained
by different Collaborations, of mean square electromagnetic and gravitomag-
netic radii of nucleons is made.
Keywords: high energies, hadrons, radii, electromagnetic structure, matter
distribution
1. Introduction
One of the most important tasks of the Standard model is the research
of the structure of ”elementary” particles. The main integral properties of
particles are reflected in their radii. This is tightly connected with the particle
form factors. This is primarily due to the electromagnetic structure of the
nucleon which can be obtained from the electron-hadron elastic scattering.
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In the Born approximation, the Feynman amplitude for the elastic electron-
proton scattering [1] is
Mep→ep =
1
q2
[eu¯(k2)γ
µu(k1][eU¯(p2Γµ(p1, p2)U(p1], (1)
where u and U are the electron and nucleon Dirac spinors,
Γµ = F1(t)γ
µ + F2(t)
iσµνqν
2m
, (2)
wherem is the nucleon mass, κ is the anomalous part of the magnetic moment
and t = −q2 = −(p − p′)2 is the square of the momentum transfer of the
nucleon. The functions F1(t) and F2(t) are named the Dirac and Pauli form
factors, which depend upon the nucleon structure. The normalization of the
form factors [2] is given by
F p1 (t = 0) = 1, F
p
2 (t = 0) = κp = 1.793 (3)
for the proton and
F n1 (t = 0) = 0, F
n
2 (t = 0) = κn = −1.913 (4)
for the neutron.
Two important combinations of the Dirac and Pauli form factors are the
so-called Sachs form factors [3, 4]. In the Breit frame the current is separated
into the electric and magnetic contributions [5]
u¯(p′, s′)Γµu(p, s)χ†s′
(
GE(t) +
i~σ × ~qB
2m
GM(t)
)
χs, (5)
where χs is the two-component of the Pauli spinor, GE(t) and GM(t) are the
Sachs form factors given by
G
p/n
E (t) = F
p/n
1 (t)− τF p/n2 (t), (6)
G
p/n
M (t) = F
p/n
1 (t) + F
p/n
2 (t), (7)
where τ = t/(4M2). Their three-dimensional Fourier transform provides the
electric charge density and the magnetic current density distribution [4]. The
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form factors can be extracted from experimental data on the elastic electron-
nucleon scattering by the Rosenbluth method [6] or from the polarization
electron proton elastic scattering [7].
The radii of the particles are determined through the slope of the form
factors at zero momentum transfer, and the squares of the Dirac radius <
r2D > and charge radius < r
2
E > are determined as
< r2D >= −6
dF
p/n
1 (t)
dt
|t=0; < r2E >= −6
dF
p/n
1 (t)
dt
|t=0 + 3
2
kp/n
m2p/n
, (8)
There are some problems in the description of the form factors at small
momentum transfer. To obtain a derivative of the form factors at t = 0, we
must have the analytic form of the form factors. However, such analytic forms
are obtained by fitting experimental data in a wide region of momentum
transfer. Hence, the form of the analytic function can be determined in
most part by the data at non-small momentum transfer. As a result, such
a form at very small t can not satisfy the experimental data in the region
of very small t. For example, the latest experimental data [8] show a large
difference from the standard dipole form of the electromagnetic form factors
at 0.01 < Q2 < 0.016 GeV2. If we take the standard dipole form of the
electromagnetic form factors Λ4/(Λ2− t)2 with Λ2 = 0.71 GeV2, the analytic
calculations give < r2D >= 0.76 fm and < r
2
E >= 0.88 fm. It coincides
with recent data for < r2E >= 0.875(18) fm [9] obtained from electronic
hydrogen transition and experimental data on electron scattering [9] . Such
parametrization takes into account only the experimental data for the charge
proton form factor measured in the electron-proton scattering. There is a
difference between the value of the proton radius and the determination of
< r2E > in the muon-nucleon bound state, which gives < r
2
E >= 0.84087(39)
fm [10, 11]. This discrepancy, known as the ”proton radius puzzle”, gave
birth to a wide discussion and many approaches to explain this fact. But up
to now the effect has no clear explanation.
The Parton distribution functions (PDF) are obtained in the deep inelas-
tic scattering using the recent data at HERA and LHC. Beside this main
point of the modern picture of the hadron structure, which depends only on
the Bjorken longitudinal variable x, there were introduced a number of other
more complicated parton distributions which can depend on a number of dif-
ferent variables. One of them is the Generelized parton distribution function
(GPDs) (which depends on the Bjorken variable x, momentum transfer t and
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skewnes parameter ξ) [13, 14, 15]. The conjunction between the momentum
transfer and the impact parameter allow one to obtain the space parton dis-
tribution which has the probability conditions [12]. The connections between
the deep-inelastic scattering, from which we can obtain the x-dependence of
parton distributions, and the elastic electron-nucleon scattering, where the
form factors of the nucleons are obtained, can be derived by using the sum
rules [13, 14, 15]. The form factors, which are obtained in different reactions,
can be calculated as the Mellin moments of GPDs. Using the electromagnetic
(calculated as the zero Mellin moment of GPDs) and gravitomagnetic form
factors (calculated as the first moment of GPDs) in the hadron scattering
amplitude, one can obtain a quantitative description of the hadron elastic
scattering in a wide region of energy and transfer momenta.
Many different forms of the t-dependence of GPDs were proposed. In
the quark di-quark model [16] the form of GPDs consists of three parts -
PDFs, function distribution and Regge-like function. In other works (see
e.g. [17]), the description of the t-dependence of GPDs was developed in a
more complicated representation using the polynomial forms with respect to
x.
2. Momentum transfer dependence of GPDs
To obtain the true form of the proton and neutron form factors, it is
important to have the true form of the momentum transfer dependence of
GPDs. Let us choose the t-dependence of GPDs in a simple form Hq(x, t) =
q(x) exp[a+ f(x) t], with f(x) = (1 − x)2/xβ [18]. The isotopic invariance
can be used to relate the proton and neutron GPDs, hence we have the same
parameters for the proton and neutron GPDs.
The complex analysis of the corresponding description of the electromag-
netic form factors of the proton and neutron by different PDF sets (24 cases)
was carried out in [19]. These PDFs include the leading order (LO), next to
leading order (NLO) and next-next to leading order (NNLO) determination
of the parton distribution functions. They used different forms of the x de-
pendence of PDFs. We slightly complicated the form of GPDs in comparison
with the equation used in [18], but it is the simplest one as compared to other
works (for example [20]).
The hadron form factors will be obtained by integration over x in the
whole range of x - 0− 1. Hence, the obtained form factors will be dependent
on the x-dependence of the forms of PDF at the ends of the integration region.
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The Collaborations determined the PDF sets from the inelastic processes only
in some region of x, which is only approximated to x = 0 and x = 1. Some
PDFs have the polynomial form of x with different power. Some others have
the exponential dependence of x. As a result, the behavior of PDFs, when
x→ 0 or x→ 1, can impact the form of the calculated form factors.
On the basis of our GPDs with, for example the PDFs ABM12 [21],
we calculated the hadron form factors by numerical integration and then by
fitting these integral results by the standard dipole form with some additional
parameters
F1(t) = (4mp − µt)/(4mp − t) G˜d(t),
with
G˜d(t) = 1/(1 + q/a1 + q
2/a22 + q
3/a33)
2
which is slightly different from the standard dipole form on two additional
terms with small sizes of coefficients. The matter form factor
A(t) =
∫ 1
0
x dx[qu(x)e
2αHf(x)u/t + qd(x)e
2αHfd(x)/t] (9)
is fitted by the simple dipole form A(t) = Λ4/(Λ2 − t)2. These form factors
will be used in our model of the proton-proton and proton-antiproton elas-
tic scattering and further in one of the vertices of the pion-nucleon elastic
scattering.
To check the momentum dependence of the spin-dependent part of GPDs
Eu,d(x, ξ = 0, t), we can calculate the magnetic transition form factor [22],
which is determined by the difference of Eu(x, ξ = 0, t) and Ed(x, ξ = 0, t).
For the magnetic N → ∆ transition form factor G∗M(t), in the large Nc limit,
the relevant GPDN∆ can be expressed in terms of the isovector GPD yielding
the sum rules [23] The experimental data exist up to −t = 8 GeV2 and our
results show a sufficiently good coincidence with experimental data. It is
confirmed that the form of the momentum transfer dependence of E(x, ξ, t)
determined in our model is correct. The moments of the GPDs with inverse
power of x gives us the Compton form factors. The results of our calculations
of the Compton form factors coincide well with the existing experimental
data. For Hq(x, t), Eq(x, t) we used the PDFs obtained from the works [24]
with the parameters obtained in our fitting procedure of the description of
the proton and neutron electromagnetic form factors in [19].
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3. Electromagnetic and gravitomagnetic form factors and the elas-
tic nucleon-nucleon scattering
Both hadron electromagnetic and gravitomagnetic form factors were used
in the framework of the high energy generalized structure (HEGS) model of
the elastic nucleon-nucleon scattering. This allowed us to build the model
with a minimum number of fitting parameters [25, 26, 27, 28].
The Born term of the elastic hadron amplitude can now be written as
FBornh (s, t) = h1 G
2(t) Fa(s, t) (1 + r1/sˆ
0.5) + h2 A
2(t) Fb(s, t) (10)
±hodd A2(t)Fb(s, t) (1 + r2/sˆ0.5),
where both (electromagnetic and gravitomagnetic) form factors are used.
The parameters are determined in [26]. The model is very simple from the
viewpoint of the number of fitting parameters and functions. There are no
any artificial functions or any cuts which bound the separate parts of the
amplitude by some region of momentum transfer. In the framework of the
model the description of experimental data was obtained simultaniously at
the large momentum transfer and in the Coulomb-hadron region in the energy
region from
√
s = 9 GeV up to LHC energies with taking into account the
Coulomb-nuclear phase [29, 30]. The model gives a very good quantitative
description of recent experimental data at
√
s = 13 TeV [31].
4. Nucleon gravitomagnetic radii
A good description of the various form factors and the elastic scattering
of the hadrons gives a good support to our determination of the momentum
transfer dependence of GPDs. Based on this determination of GPDs, let
us calculate the gravitomagnetic radius of the nucleon using the integral
representation of the form factor and make the numerical differentiation over
t at t → 0. This method allows us to obtain a concrete form of the form
factor by fitting the result of the integration of the GPDs over x. As a result,
the gravitomagnetic radius is determined as
< rA
2 >= − 6
A(0)
dA(t)
dt
|t=0; (11)
hence the numerical derivative will be
< rA
2 >= − 6
A(0)
A(t1)− A(t1 +∆t
∆t
|; (12)
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Table 1: The gravitation radius of the nucleon
(< rA
2) >1/2 basic variant (< rA
2) >1/2 basic + 4 parameters
Model −t1 −t1 −t1 −t1 −t1 −t1
of PDFs 10−5 10−3 4 10−2 0.001 0.001 0.02
∆t = 10−5 ∆t = 10−3 ∆t = 10−5 ∆t = 10−3
GeV2 GeV2 GeV2 GeV2 GeV2 GeV2
ABKM09 0.525 0.525 0.505 0.536 0.535 0.522 [fm]
JR08a 0.546 0.545 0.547 0.566 0.565 0.543 [fm]
JR08b 0.526 0.525 0.507 0.547 0.547 0.527 [fm]
ABM12 0.524 0.524 0.505 0.543 0.543 0.523 [fm]
KKT12a 0.525 0.524 0.504 0.525 0.525 0.507 [fm]
KKT12b 0.519 0.519 0.521 0.498 0.518 0.501 [fm]
GJR07d 0.523 0.523 0.505 0.531 0.531 0.515 [fm]
GJR07b 0.532 0.531 0.512 0.546 0.544 0.526 [fm]
GJR07a 0.506 0.506 0.498 0.521 0.520 0.503 [fm]
GJR07c 0.510 0.510 0.501 0.519 0.519 0.502 [fm]
where A(t) =
∫ 1
0
x 3(qu(x) + qd(x)) e
−α tf(x)dx
The GPDs will be taken with various forms of the PDFs obtained by
different Collaborations (see our paper [19]). To compare the t dependence
of the starting point of the differentiation of the results, we take 3 variants
1)− t1 = 1.10−3 and ∆t1 = 1.10−3;
2)− t1 = 1.10−2 and ∆t1 = 1.10−3;
3)− t1 = 4.10−2 and ∆t1 = 1.10−3;
To examine the dependence of the results on our model parametrization of
GPDs, we made the calculation for the simplest basic variant with minimum
parameters and a more complicated variant with additional 4 parameters. It
was shown in [19] that the final result of the fitting of GPDs on the basis of
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practically all experimental data on the electromagnetic form factors of the
proton and neutron, weakly depended on adding the supplementary fitting
parameters but some others had a heavy dependence. We put the GPDs of
the first class in the upper rows of Table 1. It is clear from the comparison
of the variants 1) and 2) (see Table 1) that there is no difference between the
results obtained at −t = 10−5 GeV2 and −t = 10−3 GeV2. However, already
at −t = 4. 10−2 GeV2 the results have significant differences. Hence, if we
make the fitting procedure to obtain the analytic form of the form factors,
the region of a very small momentum transfer has to be leading.
Note that the ”basic” and the ”basic + 4 parameters” variants can lead
to the same different results for the PDFs of different Collaborations. For
example, the PDFs of (KKT12a [24]) give the radius which is practically
independent of additional free parameters. Hence, this result can be consid-
ered as most stable and probable. Note that this size of the radius practically
coincides with the arithmetic means of all radii (in the first column), which
is equal to ¯(< rA2) >1/2 = 0.524 fm.
5. Nucleon electromagnetic radii
Now let us calculate the Dirac radius of the proton < r2D > and the charge
radius of the proton < r2E > using our momentum transfer dependence of
GPDs. We used the same procedure as for our calculations of the matter
radius. As a result, the Dirac radius is determined from the zero Mellin
moment of GPDs
< rD
2 >= − 6
F (0)
dF (t)
dt
|t=0; (13)
hence the differentiation will be
< rD
2 >= − 6
F (0)
F (t1)− F (t1 +∆t)
∆t
|t→0; (14)
where
F (t) =
∫ 1
0
(eu qu(x) + ed qd(x)) e
−α tf(x)dx. (15)
Now we consider only the first variant with t1 = 10
−5 GeV2 and ∆t = 10−5
GeV2.
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Table 2: The electromagnetic radii of the nucleon
N Model Refer. < rD > < rG > Order(Q)
basic +4par. basic +4par.
1 ABKM09 [33] 0.787 0.787 0.859 0.859 [fm] NNLO (3.)
2a JR08a [32] 0.808 0.793 0.879 0.865 [fm] NNLO (0.55)
2b JR08b [32] 0.789 0.793 0.861 0.865 [fm] NNLO (2.)
3 ABM12 [21] 0.778 0.787 0.851 0.859 [fm] NNLO (0.9)
4a KKT12a [24] 0.788 0.789 0.860 0.861 [fm] NLO (4.)
4b KKT12b [24] 0.780 0.796 0.853 0.867 [fm] NLO (4.)
6a GJR07d [34] 0.735 0.781 0.811 0.853 [fm] NLO (0.3)
5b GJR07b [34] 0.788 0.781 0.860 0.853 [fm] NLO (0.3)
5c GJR07a [34] 0.766 0.775 0.840 0.848 [fm] LO (0.3)
5d GJR07c [34] 0.748 0.775 0.824 0.848 [fm] NLO (0.3)
The results are presented in Table 2. Again, we see that a variant of PDFs
gives the result which weekly depends on the number of free parameters. If
the arithmetic mean of (< re
2 >1/2) is calculated, we find that the charge
radius ( ¯< re2 >1/2) = 0.850 fm for the basic variant and (
¯(< re2 >1/2 = 0.860)
fm for the variant with additional four fitting parameters. These values are
between the sizes of the charge proton radii determined in the electron and
muon experiments. In some sense, this removes the discrepancy between
these two methods. But, of course, our errors, especially which come from
the x-dependence of different PDFs at x→ 0 and x→ 1, are large, and this
requires further deep analysis.
6. Conclusion
The structure of the hadron represented by the Generelazed parton dis-
tribution functions is the main part in the amplitudes of different reactions.
The Mellin moments of GPDs allow us to calculate different form factors from
the same analytic functions. The parameters of the phenomenological form
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of GPDs can be obtained from the analysis of the experimental data of the
proton and neutron electromagnetic form factors simultaneously. Our deter-
mination of the momentum transfer dependence of GPDs of hadrons allows
us to obtain good quantitative descriptions of different form factors, including
the Compton, electromagnetic, transition and gravitomagnetic form factors
simultaneously. Hence, our calculations of the nucleons radii are based on
the use of the maximum number of experimental data.
Our method of the calculation of the radius from the numerical deriva-
tion of the integral of GPDs over variable x does not require any fitting of
separate hadron form factors. Most significant uncertainty in the determi-
nation of the nucleon radii comes from the indeterminacy of the form of the
parton distribution function which has the phenomenological origin with the
parameters determined from the analysis of different deep inelastic reactions.
Our calculations show the low values of the charge radius of the proton com-
pared to the standard determination of the dipole form of the proton form
factor. In some sense, this removes the contradictions with the size of the
charge radius of the proton obtained in the muon experiment. Of course, the
uncertainty which comes from different forms of the PDFs is large now, and
this requires further analysis.
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